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0. Introduction 
Let A be a domain and S a multiplicative subset of A. If A is a Krull domain, 
then A, is also a Krull domain, If Cl(A) denotes the divisor class group of A, then 
by Nagata’s theorem the canonical homomorphism fs : Cl(A) + Cl(A,) is surjec- 
tive. Moreover, if S is generated by primes, thenfs is an isomorphism (cf. [lo, Cor- 
ollaries 7.2 and 7.31). We generalize these statements by relaxing the Krull 
assumption on A. In [6] and [8], the notion of class group was generalized to any 
domain. For a general reference on the class group see also [l]. Without any 
assumption on A, the canonical homomorphism fs : Cl(A) * Cl(A,) need not be 
surjective. Examples were given in [2] and [ 131. Moreover, by [3, Theorem 4.81, for 
any given abelian groups G and H there are a domain A and a multiplicative subset 
S of A such that Cl(A) E G and CI(A,) E H. Thus in case H is not a homomorphic 
image of G, the mapfs is not onto. On the other hand, if S is generated by primes, 
fs is always injective [2, Theorem 2.31; thus it is an isomorphism if and only if it 
is surjective. The purpose of this paper is to deal with the surjectivity of the 
canonical homomorphism fs . 
We prove that the map fs is onto in case A is one-dimensional (Theorem 1.18). 
In case S is generated by primes (Theorem 1.11)) we prove that fs is surjective when 
A satisfies the ascending chain condition on principal ideals (for short, a.c.c.p.). 
The domain A is archimedean if for every nonunit a of A, flrzo Au”=(O). We 
recall that l-dimensional and a.c.c.p. domains are archimedean domains. If A is ar- 
chimedean, the map fs is still surjective when S is generated by finitely many 
primes. However, we give an example of an archimedean domain A which is com- 
pletely integrally closed with a multiplicative subset S generated by primes such that 
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A, is Krull and the map fs is not surjective (Example 2.2). We also show that if S 
is generated by just one prime, the map fs need not be surjective (Example 2.1). 
We recall that a Mori domain is a domain with the a.c.c. on integral divisorial 
ideals and that a Krull domain is a completely integrally closed Mori domain. A 
Mori domain has a.c.c.p. Thus, in particular, we obtain that Nagata’s Theorem 
holds for Mori domains in case S is generated by primes. We also prove that if A 
is Mori, the map fs is surjective when Q fl S = 0 for any maximal divisorial ideal Q 
of A of height > 1 (Theorem 1.17). Nevertheless, by the examples in [2] and [13] 
the map fs need not be surjective even if A is Mori. 
Denote by Q(A) the quotient field of the domain A. For any subset U of Q(A), 
we denote by (A : U) the set (xe Q(A): xU~ A}. By an ideal we mean here a 
nonzero fractional ideal. We shall use repeatedly the fact that if Z and J are frac- 
tional ideals with J finitely generated, then (ZA, : JA,) = (I: J)A,; in particular 
(As : JA,) = (A : J)A,. 
For any ideal Z of A, we denote by Z, the intersection of all principal ideals con- 
taining Z, that is, Z, = (A : (A : I)). We say that Z is divisorial if I= I,. The set of 
divisorial ideals of A is denoted by D(A). The ideal Z is called u-finite if I= .Z, for 
some finitely generated ideal J; thus a v-finite ideal is divisorial. For any ideal Z we 
denote by Zt the union of all ideals J,, where J is a finitely generated ideal contain- 
ed in I. The ideal Z is called a t-ideal if Z=Zt . For background on t-ideals see [12]. 
We have ZC_ Zt L I,, so a divisorial ideal is a t-ideal. The converse holds when A is 
a Mori domain. A maximal t-ideal of A is an ideal which is maximal among the pro- 
per integral t-ideals of A. A maximal t-ideal is prime. The set of all maximal t-ideals 
of A will be denoted by t,,,(A). Any t-ideal is contained in a maximal t-ideal, so the 
set t,(A) is always nonempty. Under the operation Zo J= (ZJ)t, the set of t-ideals 
of A is a semigroup with unit A. A t-ideal Z is t-invertible, that is, invertible with 
respect to this operation, if and only if (ZJ), = A for some ideal J. The inverse of 
a t-invertible t-ideal Z is (A : I). 
For the next proposition, see for example [I 1, Proposition 1. I]. 
Proposition 0.1. A nonzero t-ideal in a domain A is t-invertible if and only if the 
following conditions hold: 
(i) I= (A : F) for some finite subset F of Q(A) (equivalently, I is divisorial and 
(A : I) is v-finite). 
(ii) (A : I) = (A : II) for some finite subset I, of Z (equivalently, Z is v-finite). 
(iii) (I : I) = A. 0 
If A is Mori, conditions (i) and (ii) of Proposition 0.1 are always satisfied. 
We denote by A* the complete integral closure of A. We have A*= U(Z: I), 
where the union ranges over the ideals Z of A. The domain A is completely integrally 
closed (for short, c.i.c.) if A = A*. We see that if A is c.i.c., condition (iii) of Pro- 
position 0.1 above is always satisfied [lo, Corollary 3.31. 
The group of the t-invertible t-ideals of A is denoted by T(A). The class group 
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Cl(A) is defined as T(A)/P(A), where P(A) is the subgroup of principal ideals of 
A ([6]; see also [l]). In case A is a Krull domain, Cl(A) is the usual divisor class 
group. If S is a multiplicative subset of A, we denote by Gs the canonical group 
homomorphism T(A) + T(As), namely @(I) =ZAs for Z in T(A) (If ZE T(A), we 
have necessarily ZA,E T(A,) by [8, Lemma 2.61). The canonical homomorphism 
fs : Cl(A) -+ Cl(As) is surjective if and only if @s is surjective. 
The main results of this paper were presented at Journees d’algtbre commutative 
- Lyon 1988. 
1. When is QS surjective? 
In this section, A is a given domain and S is a multiplicative subset of A. Let Z 
be an integral t-invertible t-ideal in As. Thus, Z= (JA,), for some finitely generated 
ideal Jc A. If J, E T(A), then J,A, = (JA,), = I. It follows that if J, is t-invertible 
for any finitely generated nonzero ideal JcA (that is, if A is a PVMD), then Qs 
is onto for all multiplicative subsets S [13, Proposition 2.141. 
If JfO is a finitely generated integral ideal of A and J, is not t-invertible, then 
there is a Q E t,(A) such that J(A : J) G Q (equivalently, (A : J) = (Q : J)). 
We recall that if QE t,(A), we have one and only one of the following pos- 
sibilities (see [l 1, Section 11): 
(1) Q is t-invertible (hence Q is divisorial). 
(2) Q is strongly divisorial (that is, Q is divisorial and (A : Q) = (Q : Q)). 
(3) Q is unitary (that is, (A : Q) =A); in this case Q is not divisorial. 
Proposition 1.1. Let QE t,(A) be such that (A : J) = (Q : J) for some nonzero 
finitely generated integral ideal J. Zf Q is t-invertible, then ht(Q)> 1. 
Proof. Assume ht(Q) = 1. Then AQ is a DVR [ll, Remark 1.2.21. As J is finitely 
generated, we have (Ae : JAp) = (A : J)AQ = (Q : J)AQ = (QAQ : JAQ), contradict- 
ing the fact that JA, is principal. 0 
Definition. Let S be a multiplicative subset of the domain A and let Q E t,(A). We 
call the ideal Q S-bad if (A : J) = (Q : J) for some finitely generated ideal Jc A such 
that (JA,), E T(A,). 
In this definition, we necessarily have JC Q. 
An ideal Q E t,(A) is S-bad for some multiplicative subset S of A if and only if 
Q > J(A : J) for some finitely generated ideal J of A. Indeed, if the last condition 
holds, let S be any multiplicative subset of A intersecting J(A : J) (we can take e.g. 
S=A \ (0)). 
For a given S, there are no S-bad ideals if and only if for any v-finite divisorial 
ideal JcA such that (JA,),E T(A,) we have JE T(A). We see that if the map Qs 
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is not onto, then there are S-bad ideals. 
On the other hand, the surjectivity of the map @s does not prevent the existence 
of S-bad ideals. Indeed, let A be a Mori domain with two distinct maximal t-ideals 
P and Q, where P is t-invertible and Q is strongly divisorial (see [4, Examples 4.61). 
Set S=A \ P. Then the map Qs is onto by [5, Proposition 2.41. Nevertheless, 
Q&l=&, so Q is S-bad by Proposition 1.6 below. 
Proposition 1.2. Let Q be an S-bad ideal. Then: 
(i) (QAs)” = (QA,), =A,, so QAs is unitary. 
(ii) (A : Q) c As and (A : Q)As=As. 
Proof. Let J be as in the definition of an S-bad ideal. We have JAs(As : JAs) = 
J(A : .Z)A, c QAs c As. The t-ideal (&Is), is t-invertible, thus (QA& = (QA& =A, 
and (i) follows. 
We have (A : Q)A, c (A, : QA,) =As because (QAs),=As. Thus (ii) follows. 0 
In case S is generated by one element U, we denote As by A,. Let S be generated 
by+, . ..> s, and u := fly= I Si. Then As =A,. Therefore if S is finitely generated, we 
can assume that S is generated by just one element. 
Proposition 1.3. Let Q be an ideal in t,(A) such that (QA,), = As. Then Q fl S#0 
under each of the following assumptions: 
(1) S is a finitely generated multiplicative subset. 
(2) S is generated by primes and furthermore for any nonzero element a of A 
there is a bound k = k(a) such that if pI, . . . , pr are prime elements in S and their 
product divides a in A, then r 5 k (equivalently, any nonzero element in A is divisible 
by just finitely many prime elements in S and for any prime element p in S it holds 
n;- , AP” = VI). 
Proof. Assume (1). We have As= (QA& = UJ (JA,), , where J ranges over all 
nonzero finitely generated ideals contained in Q. Hence for some J, 1 E (JA,),, so 
(JAs)“=As, (A:J)As=(As:JAs)=Asand(A:J)cAs. 
Let S be generated by u. Assume S 17 Q = 0, that is, u $ Q. As Q E t,(A), we have 
(Q+Au),=A, so for some finitely generated ideal J’ contained in Q, we have 
(J’+Au),=A, (A : J’+Au)=A. 
Let Z := J+ J’. Let x be a nonzero element in (A : I). We have (A : I) c (A : J) c 
As, so U”XEA for some m21. Hence XE(A:Z+AU~)C(A:J’+AZY). As 
U mp’~~ (A : J’+ Au) =A, we obtain by descending induction on m that XE A. 
Thus, (A : I) = A, A = Z, c Q, a contradiction. We conclude that Q fl S #0. 
Assume (2) and also Q fl S = 0. There is a nonzero finitely generated ideal J con- 
tained in Q such that (A : J) C_ As. Let c be a nonzero element in J. By assumption 
(2), there is an element s in S which divides c in A and such that c/s is not divisible 
by any prime in S. As Q fl S = 0, a : = c/s E Q. Replacing J by J+ Aa, we may assume 
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that aeJ. Now, let XE(A : J). For some u in S, we have b:= ux~A. Also, 
ax= (ab)/u EA. As no prime dividing u divides a, we obtain u 1 b, so XEA. It 
follows that (A : J) =A, so A =J, c Q, a contradiction. 0 
Proposition 1.4. Let Q be an S-bad ideal such that Q fl S = 0. Then Q is unitary and 
QAe is not a t-ideal. In particular, ht(Q)> 1. 
Proof. We have (A : Q) c As c AQ by Proposition 1.2. Thus Q is not divisorial by 
[ll, Lemma 1.51 and so it is unitary. 
Let JC Q be a finitely generated ideal with (JAs), E T(As) and (A : J) = (Q : J). 
As Q fl S = 0, AQ is a localization of As, so (JAs)“AQ= (JA& E T(Ae). If QAe is 
a t-ideal in AQ, as (AQ : JAQ) = (QAQ : JA& we obtain the contradiction that 
(JA& is not t-invertible. If ht(Q) = 1, then QAQ is a t-ideal, hence ht(Q)> 1. 0 
If Q E t,(A) is divisorial, then QAe is also divisorial, in particular it is a t-ideal 
(indeed, Q =xA n A for some element x in the quotient field of A, thus QAe = 
xA, 17 AQ is divisorial). An example of a domain A with a unitary maximal t-ideal 
Q such that QAQ is not a t-ideal is given in [14, Proposition 4.31. We will construct 
in Example 2.2 a c.i.c. domain A with the same property. 
From the last three propositions we conclude the following: 
Corollary 1.5. Under each of the following assumptions, any S-bad ideal inter- 
sects S: 
(1) S is finitely generated. 
(2) S is generated by primes andfor any nonzero element a of A there is a bound 
k= k(a) such that if p,, . . . , pr are prime elements in S and their product divides a 
in A, then rlk. 
(3) ht(Q) = 1 for every Q E t,(A). 
(4) t,(A)c D(A). 0 
Proposition 1.6. If A is Mori, a maximal t-ideal is S-bad if and only if it is strongly 
divisorial and intersects S. 
Proof. By Corollary 1.5(4), if Q is S-bad, then Q intersects S. Moreover, if 
Q E t,(A) is not strongly divisorial, then Q is t-invertible of height 1 [4, Theorem 
2.51 and thus it is not S-bad by Proposition 1.1. 
On the other hand, assume that Q is a strongly divisorial maximal t-ideal and 
s E Q rl S. As A is Mori, there is a finitely generated ideal JC Q such that (A : Q) = 
(A : J). Replacing J by J+ As, we may assume that s E J. We have Q = Q(A : Q) 2 
J(A : J) and JAs = As, so Q is S-bad. q 
In case A is Mori, by the last proposition, if no strongly divisorial maximal t-ideal 
intersects S, then as is onto. This assertion will be strengthened below (Theorem 
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1.17). (Note that in the Mori case any maximal t-ideal of height > 1 is necessarily 
strongly divisorial.) We recall that if A is a Mori non-Krull domain, then A has at 
least one strongly divisorial maximal t-ideal. 
Remark 1.7. Let P be a prime integral t-ideal of A and S be generated by primes. 
If P n S # 0, then P contains a prime element p in S; thus P = Ap, because a principal 
prime ideal is a maximal t-ideal [ 11, Corollary 1.81. 
Remark 1.8. If p is a prime element in any domain A, then nrZ, Ap” is a prime 
ideal containing any prime ideal strictly contained in Ap. Thus Ap is of height 1 if 
and only if fiT= 1 Ap” = { 0} . Even if t&A) c D(A), it is possible that flT= 1 Ap” # 
(0) for some prime element p in A. For example, take A = Z +X(lJ[X] and p any 
prime number in Z. 
Lemma 1.9. Let S be generated by primes and assume n;=, Ap” = (0) for any p 
in S. Then there are no S-bad ideals intersecting S. 
Proof. By Remark 1.7, any S-bad ideal intersecting S is a principal prime ideal and 
so it is t-invertible of height 1, contradicting Proposition 1 .l. 0 
By Corollary 1.5 and Lemma 1.9 we obtain the following: 
Proposition 1.10. Let S be generated by primes. Under assumption (2) of Corollary 
1.5, the map @s is onto. 0 
Theorem 1.11. Let S be generated by primes. The map Qp, is onto under any of the 
following assumptions: 
(1) A satisfies the a.c.c.p. 
(2) A is archimedean and S is finitely generated. 
(3) t,(A) c D(A) and n;= 1 Ap” = (0) for all p in S. 
(4) A is Mori. 
(5) ht(Q) = 1 for every Q E t,(A). 
Proof. Conditions (l), (2), (3) imply respectively conditions (2), (l), (4) of Cor- 
ollary 1.5. By Lemma 1.9, the theorem holds under one of the assumptions (l), (2) 
or (3). (4) follows from (1) or from (3). 
Assume (5). By Corollary 1.5(3) any S-bad ideal intersects S. Moreover, if p is 
a nonzero prime element of A, then Ap E t,(A), so ht(Ap) = 1 and n;= 1 Ap” = (0) 
by Remark 1.8. By Lemma 1.9, Qs is onto. 0 
Theorem 1.11 generalizes the classical Nagata’s Theorem for Krull domains. For 
another generalization see Theorem 1.17 below. 
We recall from [ 11, Corollary 2. lo] that if Q is a divisorial maximal t-ideal in A, 
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then AQ is c.i.c. e AQ is a DVR e AQ is factorial e Q is t-invertible of height 1. 
In case A is Mori, this is further equivalent o Q being not strongly divisorial [4, 
Theorem 2.51. We also recall that if t,,,(A) c D(A) and AQ is a DVR for every Q in 
t,(A), then A is Krull by [ll, Theorem 2.61. 
Proposition 1.12. Assume t,(A) C_ D(A) and Sfl Q=0 for any maximal t-ideal Q 
such that Ao is not factorial. Then the map as is onto. 
Proof. By Corollary 1.5(4), any S-bad ideal intersects S; so by the previous remark, 
it is t-invertible of height 1, contradicting Proposition 1 .l. 0 
In Proposition 1.13 and 1.14 below, we extend results known for Krull domains 
[lo, Corollary 18.6; 7, Remark 2.41. 
Proposition 1.13. Assume t,,,(A) c D(A) and SnM=0 for any maximal ideal M 
such that A, is not factorial. Then the map Qs is onto. 
Proof. If Q is a maximal t-ideal such that Ao is not factorial, then for any max- 
imal ideal M containing Q, A, is not factorial (because Ap is a localization of Ai\,i) 
and so Q fl S c Mfl S= 0. By the previous proposition, QS is onto. 0 
Recall that G(A), the local class group of A, is defined as T(A)/Z(A), where Z(A) 
denotes the group of invertible ideals of A. Thus, G(A)= Cl(A)/Pic(A), where 
Pit(A) = Z(A)/P(A). 
Proposition 1.14. Assume that the domain A has just finitely many maximal ideals 
M such that A, is not factorial. Let U be the union of all these ideals and set 
S := A \ U. Then the kernel of the canonical map Cl(A) + Cl(As) is Pit(A) and 
Cl(A,) = G(A). 
Proof. If Qs(Z) = ZAs in principal, then Z is locally principal and so it is invertible 
by [6, Proposition 11. Conversely, if Z is invertible, then ZAs is invertible, hence it 
is principal because As is quasi-semilocal. 0 
Lemma 1.15. Zf J is a t-ideal of A,, then JnA is a t-ideal of A. 
Proof. Let H be a finitely generated ideal contained in JO A; so H, 5 (HA,), c J. 
Thus, H, c Jfl A, so JO A is a t-ideal. 0 
An ideal Z is saturated with respect to the multiplicative set S if Z=ZAsfl A, 
equivalently, no element in S is a zero-divisor modulo I. 
Lemma 1.16. Assume that any integral divisorial ideal intersecting S is of height 1. 
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If JE T(A,) and Z=JnA, then (I: Z)=A. 
Proof. Assume that there is an element x in (I : Z) \A. As IA, = J, we have 
(Z:Z)As~(J:.Z)~A,. Thus, (I : Z) c As and for some s in S, sx~ A. Thus, 
L := Ax-’ nA is an integral divisorial ideal containing s, so it is of height 1. Let 
Q be a prime ideal minimal over L and of height 1. We have ZC L, so Q is minimal 
over I. Thus any element of Q, in particular s, is a zero-divisor mod I, contradicting 
the fact that Z is saturated with respect to S. It follows that (I: I) =A. 0 
Theorem 1.17. Let A be a Mori domain such that any maximal t-ideal intersecting 
S is of height 1. Then the map @s is onto. 
Proof. Let H be an integral divisorial ideal intersecting S. As A is Mori, any prime 
ideal minimal over H is divisorial [12, Corollaire 3, p. 311, so it is of height 1. It 
follows that His of height 1. Let JE T(As) and Z=JnA. By Lemmas 1.15, 1.16 
and Proposition 0.1, Z is a t-invertible t-ideal. Since ZAs= J, the map Qs is 
onto. 0 
The next theorem shows that the map Qs is onto in the one-dimensional case. In 
this case, we have Cl(A) = Pit(A), that is, every t-invertible t-ideal is invertible [8, 
Corollary 2.10(c)], but in general the natural map Pit(A) -+ Pic(As) is not neces- 
sarily onto even if A is Krull [2]. 
Theorem 1.18. Zf A is one-dimensional, the map Gs is onto. 
Proof. Let J be an integral ideal in T(A,). Hence J is invertible and so it is finitely 
generated. Let I, be a finitely generated integral ideal of A contained in .Z such that 
J=ZIAs. We have As=Z,As(As: Z,As)=Z,(A : Z,)As, so UEZ~(A : II) for some u 
in S. 
Let Z2=Z,Au fIA. As Z2 is saturated with respect to the multiplicative subset of 
A generated by U, the element u is not a zero-divisor mod Z, (which is an integral 
ideal of A). As A is one-dimensional, any prime ideal containing Z, is minimal over 
I, and so consists of zero-divisors mod Z2. It follows that ZJ does not belong to any 
prime ideal containing Z2, so Z2 + Au = A. Let c E Z2 such that 1 - c E Au. For some 
m 20, we have umc~Zl. Set Z=Zi + AC, thus umZc Ii. It follows that Z(A : I) a 
Z,(A : (l/u”)Zi)=umZ,(A : Ii). As ueZI(A : I,), we obtain urn+++ EZ(A : I). As CEZ 
and Au+Ac=A, we further obtain A =Ac+Au~+’ cZ(A : I). Hence Z is inverti- 
ble and IA,= J. We conclude that Qs is onto. q 
By the last proof, if J is a t-invertible integral ideal of As such that the ring A/J 
is zero-dimensional, then J= Qs(Z) for some invertible ideal Z of A (note that if J 
is an integral ideal such that A/J is zero-dimensional, then J is t-invertible if and 
only if it is invertible. This follows from the fact that any prime ideal containing 
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J is a t-ideal [12, Corollaire 3, p. 311). 
Proposition 1.19. Assume &(A) c D(A) and As fl A*= A. Then the map @s is 
onto. 
Proof. Let J be a finitely generated ideal in A such that (JA,), E T(As). We have 
(J, : J,)As = (J, : J)As = (J,As : JAs) C ((JAs), : JAs) = ((JAs), : (JAs),) = As. Hence 
forZ=J,,wehave(Z:Z)~As~A*=A.Itfollowsthat(Z(A:Z)),=A.IfZisnott- 
invertible, then I(A : I) is contained in some ideal Q E t,(A) c D(A), contradiction. 
Thus Z is t-invertible and @s(Z) = (JAs), . We conclude that Qs is onto. 0 
It is easy to show that under the assumptions of Theorem 1.1 l(3), we have 
As n A* = A. Hence Theorem 1.1 l(3) can be obtained as a consequence of Proposi- 
tion 1.19. 
The simple proof of the next proposition as well as some other useful remarks 
and suggestions are due to the referee. 
Proposition 1.21 reduces the problem of the surjectivity of the map Qs to the 
case that S is finitely generated, provided A is Mori. First we need the following: 
Proposition 1.20. Let Z be an ideal of a Mori domain A such that ZG As. Then 
there is an element u in S such that uZc A. 
Proof. Since A is Mori, (A : Z) = (A : J) for some finitely generated ideal Jc I. Thus 
JcAs, so uJcA for some UES. Hence ue(A: J)=(A:I), so uZcA. 0 
Proposition 1.21. Let A be a Mori domain. If the map QU is onto for any u in S, 
then the map Qs is onto. 
Proof. Let JE T(As) and I:= Jfl A. As IA,= J, we have (I: I) c As. By the 
previous proposition, there is an element u in S such that (I: I) c A,. Hence 
(IA, : IA,) = (I : Z)A, C_ A, and IA, E T(A,). By assumption, there is an ideal L in 
T(A) such that LA, = IA,. It follows that @s(L) = J and Qs is onto. 0 
In Example 2.2 below, the domain A is archimedean and S is generated by primes, 
but Qs is not onto. Nevertheless, by Theorem 1.11(2), the map QU is onto for all 
u in S. Thus the Mori assumption in Proposition 1.21 is essential. 
On the other hand, we do not know if the map Qs is surjective provided it is sur- 
jective locally (that is, the canonical map @ ,,,_, : T(A,) + T((AM)s) is surjective for 
all maximal ideals M of A). If this assertion holds, then it gives an alternative proof 
for the one-dimensional case (Theorem 1.18). Indeed in this case, for all M, the ring 
(AM)s is quasilocal of dimension I 1, so Cl((A,)s) = (0) and QjiLI is onto. We also 
do not know if the converse implication holds: 
@ surjective * @ surjective locally? 
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2. Examples 
2.1. An example of a quasilocal domain A which has a prime element p such that 
the map Qp is not surjective. (By Theorem 1.11, A cannot be archimedean.) 
Let (CM) be a noetherian integrally closed quasilocal domain such that 
Cl(C)#(O). For example we can take for C the ring Ce in Example 2.2 below. Let 
B = C[X, {m/X” 1 m EM and n 2 l}], where X is an indeterminate. Let A = BrM,, 
where M’ is the ideal generated by the elements X, m/X” (m EM, n2 0). Take 
p=x. 
By construction, X is not invertible and divides every noninvertible element of A, 
so X is prime. 
Let Q be the maximal ideal of A. We have Q = AX, so Q is a t-ideal. By [8, Cor- 
ollary 2.10(c)], G(A) = 0. As A is quasilocal, Cl(A) = G(A), so Cl(A) = (0). 
We now prove that Cl(A,) # (0). Let W be the set of polynomials in C[X] with 
unit content and set C(X) = C[X] w. If f is an element in B \M’, then for n % 0, 
X”f e W, so A,c C(X). On the other hand, let g(X) be a polynomial in Wand let 
k be the least power of X occurring in g with a unit coefficient. Clearly (g/Xk) E 
B\M’, and so C(X) CA,. We conclude that A,=C(X). By [lo, Proposition 8.91, 
Cl(A,) = Cl(C(X)) = Cl(C) # (0). It follows that the map Qx is not onto. 
2.2. An example of a c.i.c. quasilocal domain A and a multiplicative subset S of 
A generated by prime elements such that As is Krull, but the canonical map 
T(A)+ T(As) is not surjective. (As A is c.i.c., it is archimedean but it cannot 
satisfy the a.c.c.p. by Theorem 1.11. By the same theorem, S cannot be finitely 
generated. Proposition 1.10 shows that in A there are necessarily nonzero elements 
divisible by infinitely many primes in S. On the other hand, as A is archimedean, 
no nonzero element can be divisible by all powers of a prime element. In order to 
control the maximal powers of prime elements dividing a given element in A, we 
use grading.) 
Let K be a field, C=K[T, Z, U, V]/(TZ - UV) =K[t, z, U, u]. The domain C is 
Krull. Let Q be the maximal ideal of C generated by the elements t, z, U, u. It follows 
from [lo, Proposition 14.5 and Corollary 10.31 that Cl(C)= Cl(Co) =Z. C is a 
standard graded K-algebra. Denote the degree function of C by d. Adjoin to C in- 
determinates (X,, 1 II> 1) of zero degree, so C[X] = C[{X, 1 II> l}] is a graded do- 
main. The degree function of C[X] will also be denoted by d. Let B be the ring 
generated over C[X] by the elements in its quotient field of the form f/( ny= 1 XJdcf), 
where f is a nonzero homogeneous element in C[X] \ K and n 2 1. Thus B too is a 
graded domain and again we denote its degree function by d. By construction, an 
element of B with all homogeneous components of strictly positive degree is divisible 
by X,, for n sufficiently large. Also, if f is a homogeneous element of C[X] which 
is not divisible by X, in C[X], then d(f) is the maximal power of X, dividing f in 
B. 
The ideal Q of C together with the elements f/(ny= 1 Xi)d’f’, where f is an 
On Nagatak Theorem for the class group 41 
homogeneous element in C[X] \ K generate a maximal ideal M in B (note that the 
set X is contained in this ideal). Let A = B,,,_,. Let S be the multiplicative subset of 
A generated by X, (n I 1). 
We now prove that the elements X, are prime in B, and so also in A = BIM (for 
all n, X, EM, so X, is not invertible in BIM). Let n 2 1. Let f and g be elements in 
B which are not divisible by X,. We want to show that X, does not divide the pro- 
ductfg in B, so we may assume that none of the homogeneous components off and 
of g is divisible by X,, . Considering the initial forms off and of g, we may also 
assume that f and g are homogeneous. Let f =fi/fi, g=g,/gz, where f,, g, are 
homogeneous elements in C[X] and fi , g2 are in S. As X, 7 fin B, we may assume 
that X,, does not divide fi in C[X]. Hence, d(f, ) = rn(f2), where rn(f2) denotes the 
maximal power of X,, dividing f2 in C[X]. Similarly for gl and g2. It follows that 
d(fig,)=rn(f2)rn(g2)=r,,(f2g2), so X,, 7 fg in B. Thus X, is prime in B. 
Next we show that A is completely integrally closed. Let f EA*, so uf k EA for 
some nonzero element u in A and all k? 1. As A and C[X] have the same quotient 
field, we may take u in C[X] . We want to prove that f E A. Clearly A, is a localiza- 
tion of the Krull domain C[X] and so it is Krull. Thus As is c.i.c. and f E As. We 
may assume that f E C[X], because we can multiply f by an invertible element in 
A = B,,,_, in order to obtain an element in C[X], . Furthermore, considering the in- 
itial forms of u and off, we may assume that both u and f are homogeneous in 
C[X], (notice that the last ring is graded because all elements in S are homo- 
geneous of degree 0 in C[X]). Let f =g/s, where g E C[X] and s E S. Let X,, be an 
indeterminate occurring in s and as before denote its maximal power in s by r, = 
m(s). For all k, we have uf k E A n C[X]s c B,,,, 13 Bs = B. (The last equality follows 
from the facts that the elements X,, are prime in B and S C_ M. Indeed if z E BrM fl Bs, 
thus z = a/s = b/t for a, b in B, s in S and t in B \ M. We have at = sb and so s divides 
a in B, that is ZEB.) Since ufk=ugk/skE B, we have X,“” 1 ugk in B for every k. 
Thus r, kr d(ugk) = d(u) + kd(g). Hence d(g) 2 r,, . It follows that s divides g in B 
and feB, so A is c.i.c. 
Assume that Cl(A) # (0) and let Z be a t-invertible nonprincipal ideal in A. As A 
is quasilocal and Z is not principal, Z is not invertible, so Z(A : I) GM. As Z and 
(A : Z) are v-finite, so is (Z(A : I)), . Assume that (Z(A : I)), = J,, where J is a finite- 
ly generated ideal contained in M. Any finite subset of M is contained in AX, for 
n >> 0, so JC AX, for n s 0. It follows that (Z(A : I)), c J, # A, a contradiction. Thus 
Cl(A) = (0). 
We now prove that Cl(As) #(O). Let W be the set of all polynomials in C[X] 
with unit content and set C(X) = C[X] w. Clearly B c C(X). If g is an element in 
B\M, then for some monomial h = DYE, X7 (with all ki>O), the element hg is in 
W. Hence, l/g=h/(hg) E C(X), so A G C(X). Moreover, A,c C(X) and so 
C(X) = (As)W. Since As is Krull and C(X) is a localization of A,, by the classical 
Nagata’s Theorem, we have a canonical surjection Cl(A,)+ Cl(C(X)). By [lo, 
Proposition 8.91, for all n, there is a canonical isomorphism Cl(C) + CI(C(X,, . . . , 
X,)) (the definition of C(X,, . . . ,X,) is similar to that one of C(X)). The ideal Q 
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is a t-invertible nonprincipal ideal of C, so QC(X) E T(C(X)) and for all n, the ideal 
QCW,, . . . , X,) is not principal. Assume that the ideal QC(X) is principal, so let F 
be a generator of this ideal. Since Q is a finitely generated ideal of C, for n*O, 
QCW,, . . . , XJCFCWI,..., X,,). On the other hand for n %O, FE QC(X,, . . . ,X,), 
so for n%O, the ideal QC(X,, . . . , X,) is principal, a contradiction. It follows that 
Cl(C(X)) # (0). Since we have a surjection Cl(A,) + Cl(C(X)), we conclude that 
Cl@,) # (0) and that the map Qs is not onto. 
In such an example, by Lemma 1.9, there is an S-bad ideal Q which does not in- 
tersect S, so Q is unitary and QAe is not a t-ideal by Proposition 1.4. (cf. [14, Pro- 
position 4.31). 
Let A be a c.i.c. domain such that for some S, the map Qs is not onto (as in the 
preceding example). Let JE T(A,), and .Z$ Im @s. There are finitely generated 
ideals Z, and Z, in A such that J= (Zi As), and J= (As : I,A,) = (A : I&l,. If we let 
Z= (I,)“, then Z is a v-finite t-ideal in A. If we let Z= (A : Z2), , then Z is a t-ideal and 
(A : Z) = (I,), is v-finite. In either case, (Z : I) =A (because A is c.i.c.). Thus Z may 
be chosen such that it satisfies either conditions (i) and (iii) or conditions (ii) and 
(iii) of Proposition 0.1, without being t-invertible, otherwise @s(Z) = J (cf. [9]). 
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